We investigate the formation of a localized plateau beam in the transverse section of a nonlinear optical ring cavity filled with a metamaterial and a nonlocal medium such as a nematic liquid crystal. We show that, far from the modulational instability regime, localized structures with a varying width may be stable in one and two-dimensional settings. The mechanism of stabilization is related with strong nonlocal coupling mediated by a Lorentzian type of kernel. We show that there exists stable bright and dark localized structures. A reduction of Lugiato-Lefever equation in the regime close to the nascent bistability allows us to analytically derive a simple formula for the width of localized structures in one-dimensional systems. Direct numerical simulations of the dynamical model agree with the analytical predictions.
I. INTRODUCTION
The emergence of localized structures (LS's) in out-ofequilibrium systems has witnessed tremendous progress in the last two decades, allowing for the design of photonic devices for all-optical control of light, optical storage, and information processing (see recent overviews on this issue in Refs. [1] [2] [3] [4] [5] ). These localized structures usually appear as the result of interactions between optical nonlinearity and other phenomena such as dispersion and diffraction. It is generally sufficient to consider that the nonlinear response is local, i.e., that the material response at a certain point depends only on the value of the electromagnetic field at that point. However, many materials exhibit spatial nonlocality, i.e., the refractive index at a certain point depends not only on the value of the field at that point, but also on the field in the region surrounding this point. The material response is therefore calculated by means of a spatial convolution between the excitation beam and a kernel called the "influence function," accounting for the nonlocality.
We classify the kernel functions into two types: weak [6] [7] [8] [9] [10] and strong [11] [12] [13] [14] . If the kernel function decays asymptotically infinity slower (faster) than an exponential function, the nonlocal coupling is said to be strong (weak) [14] . However, our definition of strong nonlocality pertains only to the material properties, it differs from the usual one [15] that takes into account both the material response and the beam diameter, stating that the nonlocal coupling is strong if the width of the kernel functions is large in comparison with the beam diameter. Several experimental measurements of a strong nonlocal response of the material with a Lorentzian or a generalized Lorentzian shape have been carried out in nematic liquid-crystal (NLC) cells [16, 17] . The NLC response was best fit with a pseudo-Lorentzian function, which corresponds also to a strong nonlocal coupling. Experimental reconstruction of strong nonlocal coupling has been performed in photorefractive materials [18] .
In a different subfield of optics, left-handed materials (LHMs) are metamaterials that present a negative permittivity and permeability [19, 20] . They were first demonstrated at microwave frequencies [21, 22] and soon after in the optical domain [23, 24] . Metamaterials are shown to exhibit novel electromagnetic phenomena, such as subwavelength imaging [25, 26] or negative diffraction, and can be used in nonlinear optical devices [3, [27] [28] [29] [30] . In particular, the formation of both conservative and dissipative solitons in a Kerr resonator containing a LHM was studied in Refs. [29, [31] [32] [33] [34] [35] [36] [37] .
In this paper, we consider a ring resonator filled with two materials having indices of refraction of opposite signs (see Fig. 1 ). The first material exhibits a strong nonlocal coupling mediated by a Lorentzian, while the second material consists of a linear material with a negative-diffraction coefficient. We focus on the bistable regime far from any modulational or Turing type of instabilities. We analyze the interaction of fronts connecting the two stable homogeneous steady states and we investigate the impact of strong nonlocal coupling on front propagation in the system. A front is a heteroclinic connection between homogeneous steady states [38, 39] . Generally, the fronts are propagating, which means that they are moving and interacting.
When the nonlocal coupling is weak, the interaction of fronts is usually described by the behavior of the tail of one front around the core of the other front [6, 8] . However, for strong nonlocal coupling, the interaction is controlled by the whole influence function and not only by the asymptotic behavior of the front tails. Recently, we reported that a strong nonlocal interaction is responsible for a new mechanism to stabilize a single localized structure [11] [12] [13] . We showed that strong nonlocal coupling drastically alters the spacetime behavior of spatially extended systems by affecting the asymptotic behavior of a single front and by modifying the law governing front interactions. We also demonstrated the occurrence of stable localized structures with varying plateau size. In the current context, the mechanism of stabilization is attributed to the combined influence of the strong nonlocal coupling in the nematic liquid crystal, negative diffraction in the metamaterial, and bistability induced by the presence of an optical resonator.
The paper is organized as follows: After introducing the model (Sec. II), we perform numerical simulations of the full model (Sec. III). A reduction of the equation in the nascent bistability regime, which allows us to analytically describe the interaction of the fronts, is presented in Sec. IV. We conclude in Sec. V.
II. LUGIATO-LEFEVER MODEL WITH NONLOCAL COUPLING
The ring resonator filled with a material presenting a nonlocal nonlinearity (NLNL) and a negative-diffraction (ND) material is described by the well-known Lugiato-Lefever (LL) model [40] , in which we incorporate the strong nonlocal effect. This model equation is valid under the following approximations: (i) at the interface separating the NLNL and the ND materials, the reflection is assumed to be negligible, i.e., they are impedance matched; (ii) the cavity possesses a high Fresnel number, i.e., it is a large-aspect-ratio system and we assume that the cavity is much shorter than the diffraction and the nonlinearity spatial scales; (iii) for the sake of simplicity, we assume single-longitudinal-mode operation. Under these assumptions the spacetime evolution of the intracavity field is described by the following partial differential equation:
The normalized slowly varying complex envelope of the electric field is E. The input field amplitude E i is real and constant. The detuning parameter is given by θ . The diffraction coefficient is D, and is the domain under study. In the absence of nonlocal coupling in the liquid-crystal cell, i.e., γ = 0, we recover the well-known Lugiato-Lefever model [40] . The inclusion of a LHM slice allows us to explore the parameter regime where diffraction is negative [31] . From a practical point of view, negative diffraction could be achieved by using a self-imaging configuration [41] [42] [43] . In the absence of nonlocal interaction, the stabilization of localized solutions far from any pattern-forming instability has been realized thanks to the combined action of negative diffraction and an inhomogeneous-pumping laser beam [43] . The laser cavity can be also considered as an inhomogeneous cavity in the work by Zhang [44, 45] . Finally, the nonlocal coupling is modeled by the function K(r ):
where δ(r ) is the delta distribution and the kernel function f σ (r ) is defined by
The parameter γ measures the intensity of the nonlocal interaction, σ represents the characteristic length of the nonlocal interaction, and N n is a normalization constant. Such a nonlocal response can be realized in a liquid-crystal cell. In particular, experimental measurements [16] show that the nonlocal variation of the refractive index in cells filled with the commercially available E7 liquid crystal is well fit with a Lorentzian. In this experiment, the thickness of the cell was varied over the range 18 to 73 μm. Another group of researchers reported slightly different results obtained by using pulsed beams [17] . The nonlocal response of the material was deduced from the interaction of soliton beams in a liquid-crystal cell. This response was best fit with a pseudo-Lorentzian function, which corresponds also to a strong nonlocal coupling, as defined above. Experimental evidence of strong nonlocal coupling has also been performed in photorefractive materials [18] , where the strong nonlocal coupling originates from thermal effects.
The homogeneous steady states of Eq. (1) are solutions of
The response curve giving the intracavity intensity |E s | 2 as a function of the input intensity |E i | 2 is monostable for θ < √ 3 and exhibits a bistable behavior when the detuning θ > √ 3 (see Fig. 2 ). 
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III. LOCALIZED PLATEAU BEAM: NUMERICAL SIMULATIONS
Our numerical simulations are focused on the parameter range corresponding to bistability of the homogeneous steady-state solutions, i.e., θ > √ 3 and we consider a regime where these states are modulationally stable far from any modulational or Turing instability. The latter condition is achieved when the effective diffraction of the cavity is negative (D < 0).
Numerical simulations generate stable one-dimensional localized structures, as shown in Fig. 3 . From these plots, we can see that the width of the localized structures obtained vary strongly with the injected beam intensity. In addition these structures posses a plateau and the background exhibits spatial damped oscillations. The stabilization mechanism is robust in two dimensional setting. An example of two-dimensional (2D) localized structures with a varying-size plateau is shown in Fig. 4 . As one-dimensional setting, these structures exhibit damped oscillations in the profile of the intracavity intensity. The circular flat area varies strongly with a small change of the injected beam intensity, as shown in Fig. 4 .
Localized structures have been predicted in onedimensional (1D) bistable optical systems with a Gaussian beam [46] [47] [48] . These solutions were interpreted as switching waves connecting two stable branches of the homogeneous response curve. It was shown later that LS's do not require a commutation process between distinct uniform stationary states [49, 50] . Two-dimensional LS's can be stable in the monostable regime where a single homogeneous steady state coexists with periodic structures such as hexagons and stripes [49] [50] [51] . In bistable regime, the physical systems exhibit the existence of a hysteresis loop. Within it, there generally exists a so-called pinning range of parameter values for which stable localized structures, connecting the uniform and the periodic solutions, can be found. The existence of a pinning range was predicted by Pomeau [52] and observed experimentally in a liquid-crystal light valve with optical feedback [53] . The formation of LS's in the Turing regime is common in a variety of systems such as reaction-diffusion 053838-3 [ [54] [55] [56] , hydrodynamics [57] [58] [59] [60] [61] [62] [63] , photorefractives [64] , Ginzburg-Landau equation [65, 66] , liquid crystals [51, [67] [68] [69] [70] , and semiconductors [71] [72] [73] . The bifurcation that leads to the formation of LS's is referred to as the homoclinic snaking phenomenon [74] [75] [76] [77] [78] [79] [80] . The relative stability of 1D and 2D clusters of closely packed localized peaks of the Swift-Hohenberg equation has been analyzed [81] .
The localized plateau beams reported here are obtained in a regime devoid of any pattern-forming type of instability. They differ from the above-mentioned LS in three ways: First, a localized plateau beam cannot be stable in the monostable regime. Bistability is the prerequisite condition for their stabilization. Second, localized structures found in the subcritical Turing regime have a fixed width. Their width does not significantly change as a function of the injected beam intensity. Their width is determined by the most unstable wavelength. However, in our case the width of the LSs vary strongly with the injected beam intensity. Third, our LSs connect two homogeneous steady states while the LSs found in the Turing regime connect one homogeneous steady to a periodic pattern.
In the absence of strong nonlocal coupling (γ = 0), the model Eq. (1) does not admit stable bright localized structures with varying plateau size. The inclusion of strong nonlocal coupling allows for the stabilization of these localized states in one and two transverse directions, as shows in Figs. 3 and 4 . In addition, dark localized structures may be stabilized by the fact that the lower uniform exhibits damped oscillations near to the front core. In Fig. 5 we can see the combination of both effects, strong nonlocal coupling and damped oscillations, stabilizing dark localized structures in one and two dimensions, as shown in Figs. 5(a) and 5(b). The damped oscillations appear for large detuning parameters. However, close to nascent optical bistability (θ − √ 3 1), numerical simulations of the model Eq. (1) show that both dark and bright localized structures are devoid of damped oscillations (see Fig. 6 ).
In the next section we perform a perturbative calculation near the onset of bistability, which allows us to describe analytically the formation of localized structures with varying plateau size in one dimension.
IV. LOCALIZED PLATEAU BEAMS: ANALYTICAL ANALYSIS
The analytical investigation of fronts dynamics connecting two-homogeneous steady states in the framework of Eq. (1) is a 2), and the injected field amplitude is E ic = 2 √ 2/3 3/4 . To derive a simple bistable model with nonlocal interaction, we introduce a small parameter which measures the distance from the critical point as θ = θ c + θ 0 2 . Then we decompose the field into its real and imaginary parts as E = u + iv and introduce the excess variables U ; and V as u = u c + U and v = v c + V . We next expand the U , V , and E i in power series of as 
In the absence of the nonlocal coupling, i.e., γ 0 = 0, we recover a bistable model [43] . In the expansion of the injected field appears an extra parameter η, which account for the deviation to the Maxwell point. The Maxwell point is obtained when the front velocity vanishes. This point corresponds to η = 0. In what follows we derive an equation for the time evolution of the width of localized structures. Then we seek for the stationary width as a function of the system parameters. For this purpose we restrict our analysis to the case of one transverse dimension. The two-dimensional case is far beyond the scope of the present paper. Close to the Maxwell point, one can consider the following ansatz for 053838-4 the localized structure:
where 2 0 stands for the width of the localized structure and δC accounts for small corrections. To get the front dynamic, we introduce the above ansatz for C in Eq. (4), linearize in δC, and imposing the solvability condition. We obtain for n = 2,
Then, the equilibrium size is give by
In terms of the original parameters, the width of the structure is
where E M is the value of the Maxwell point with the nonlocal coupling intensity γ and the interaction range σ . The formula Eq. (7) is valid close to the nascent optical bistability (θ − √ 3 1). This prediction is in perfect agreement with numerical simulations. In order to check the robustness of the proposed stabilization mechanism, we perform the analysis far from the onset of bistability by fixing the detuning parameter to θ = 6. In this case, the Maxwell-point value (E M ) depends strongly on the intensity of the nonlocal coupling γ and the interaction range σ , as shown in Fig. 7 . The comparison between the stationary size of localized structure obtained from the formula (7) fits quite well with the results of numerical simulations without any other adjustment parameter. The comparison is shown in Fig. 8 . These plots show that our analytical investigation is still valid beyond the nascent optical bistability. The width of localized structure increases with the distance to the Maxwell point and with the intensity of the strong nonlocal coupling. At the Maxwell point, the width of localized structure diverges at the Maxwell point as shown in Fig. 8(a) . The width of localized structure depends linearly on the nonlocal intensity γ , as shown in Fig. 8(b) . Numerical results are in good agreement with the theoretical predictions.
The presence of well-pronounced oscillatory tails suggests a possibility to form robust bound complexes of two or several localized plateau beams. An example of three localized beams bound together is shown in Fig. 9 . When the distance between peaks decreases they start to interact via their oscillating, exponentially decaying tails. This interaction then leads to the formation of clusters [82] [83] [84] [85] [86] [87] .
To address the problem of experimental feasibility of localized plateau beams, we need to work with a stabilized, and slightly detuned, nonlinear and spatially extended optical cavity, with strong nonlocal coupling and with a layer of left-handed material. The nonlocal nonlinear material that we target is a liquid-crystal cell filled with a standard E7 liquid crystal and used in a geometry similar to that of Ref. [16] . Such a cell is strongly nonlocal, according to the experimental characterization reported in Ref. [16] . It presents also a high nonlinearity that allows us to perform the experiment with reasonable optical power. We need a pump beam that allows us to reach the input intensity at which the system switches to the higher homogeneous steady state. To keep a sufficient power margin, we work with a green cw laser delivering up to 15 W at a wavelength of 532 nm. The control of the detuning is a key issue. For this purpose, we make use of an internally developed proportional-integral controller based on a microchip device. Once the stabilization setup is working with a beam polarized in one direction, the observation of the plateau solutions will be performed with a beam polarized orthogonally to the control beam as follows: First, for a given detuning, we record the input-output characteristic of the setup. For a sufficiently large detuning, we should observe bistability. The hysteresis curve allows us to determine the input power corresponding to the Maxwell point. Working at this power, and fixing the detuning, we induce the spatial structure by means of an additional seed that will be combined with the main beam outside the cavity. The pump beam will be split by a polarizing beam splitter followed on each arm by a different telescope, and by a half-wave plate on the second arm. The two arms will then be recombined on a nonpolarizing beam splitter in a Mach-Zehnder configuration. The relative width between the main beam and the seed beam will be fixed by the parameters of the two telescopes, while their relative intensity will be determined by the orientation of the wave plates. The output of the cavity will be recorded on a camera. This will allow to study the evolution of the plateau solution when varying the different control parameters (pump power, detuning, nonlinearity by application of a voltage on the liquid-crystal cell).
V. CONCLUSIONS
We considered a ring cavity filled by a combination of a nonlocal medium and a left-handed material. This cavity is driven by a coherent injected signal. We investigated the formation of localized structures in a bistable regime where both homogeneous steady states are modulationally stable. To avoid a modulational or Turing instability, we used a left-handed element that allows the system to operate in a negative-diffraction regime. The response of the left-handed material is considered to be linear, and the nonlinearity of the Kerr type originates from the nonlocal medium, such as nematic-liquid-crystal cells. We presented a mechanism of generation of stable localized structures based on strong nonlocal coupling mediated by a Lorentzian-like kernel. This type of nonlocal coupling has been reported experimentally in the case of nematic crystals cells [16, 17] . This nonlocal coupling modifies the nature of the front interaction between two homogeneous steady states and allows for the stabilization of both bright and dark localized structures. These structures have varying plateau size. Without strong nonlocal coupling, localized structures are unstable. They either shrink or expand. An analytical expression of the front interaction law is provided in the regime close to the critical point associated with bistability. Close to this point we reduced the LL (1) to a simple bistable-model equation with nonlocal interaction. The variation of the width of localized structures was derived in a one-dimensional system within the framework of the reduced equation. This generic mechanism is robust in one and two spatial dimensions and could be applied to a large class of far-from-equilibrium systems with strong nonlocal coupling. Finally, we discuss the experimental feasibility of localized plateau beams.
